Quantum criticality at infinite temperature 
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Quantum criticality, being important as an indicator of new quantum matters emerging, is known to occur 
only at zero or low temperature. We find that a quantum probe, if its coherence time is long, can detect quantum 
criticality at infinitely high temperature. In particular, the echo control over a spin probe can remove the thermal 
fluctuation effects and hence reveals the quantum fluctuation effects. Probes with quantum coherence time of 
milliseconds or seconds can be used to study emerging quantum orders that would occur at extremely low 
temperatures of nano- or pico-Kelvin. This discovery establishes a physical link between time and inverse 
temperature and provides a new route to the wonderland of quantum matters. 
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Quantum criticality |[T1 accompanies quantum phase tran- 
sitions at zero temperature, in which the ground state of a 
macroscopic system changes dramatically at a critical point 
with tuning a parameter. Quantum criticality is important 
as it signatures emergence of new quantum matters and new 
physics ISHS). However, at temperature higher than the sys- 
tem's interaction strength, thermal fluctuations will conceal 
the quantum criticality. Extremely low temperatures are re- 
quired for quantum criticality to occur in many interesting 
systems. For example, for nuclear spins in solids |5| and cold 
atoms in optical lattices |6ft8J temperatures of 10"^ or even 
10"'^ Kelvin are required 15] [51. Such limitation excludes 
many new classes of quantum matters and hence new physics 
from experimental investigation. In this Letter, we show that 
quantum criticality can be observed at infinitely high temper- 
ature by measuring the echo signal of a probe spin coupled to 
a quantum many-body system, because the spin echo can re- 
move the thermal fluctuation effect ifTOl and therefore reveal 
the quantum fluctuation effect. We find that quantum critical- 
ity that would occur below 10"^ or even 10"'^ Kelvin can be 
detected at infinite temperature by a probe spin with coher- 
ence time longer than milliseconds or seconds, respectively. 

The key is to devise a time-dependent measurement sen- 
sitive to the quantum fluctuations. A previous study pro- 
posed that quantum criticality can be probed by the Loschmidt 
echo [11 1, which is equivalent to free-induction decay (FID) 
of a probe spin. Nuclear magnetic resonance experiments 
that employ pseudo-pure states to simulate effective zero tem- 
perature have shown such enhancement of FID for a three- 
nucleus system fl2|. The Loschmidt echo or FID, however, 
like other conventional measurement of quantum criticality, 
requires that temperature be much lower than the interaction 
strength of the system. In magnetic resonance spectroscopy, 
spin echo can be used to eliminate the effect of thermal fluctu- 
ations (or inhomogeneous broadening) 1 10| with the decay of 
echo signal induced mostly by quantum fluctuations. Recent 
study revealed an anomalous decoherence effect due to quan- 
tum fluctuations by removing the thermal noise effect [TS'.T^l. 
Thus we are motivated to use spin echo to study quantum crit- 
icality at high or even infinite temperature. 

We consider the echo signal of a probe spin- 1/2 coupled to 



a macroscopic system (a bath). The bath at thermal equilib- 
rium with inverse temperature p is described by a density ma- 
trix p = e~^^ ITr[e^^^]. To have conclusive results, we choose 
an exactly solvable model 1 1 1, namely, the one-dimensional 
Ising model in a transverse field with Hamiltonian 



Ha 



(1) 



v/v/' 

with periodic boundary condition, where o-j'"~ is the Pauli 
matrix of the jth spin along the x/j/z-axis. The probe-bath 
interaction is gcr' ® H] = cr' ® B/2. The probe strength 
is chosen to scale with the bath size as s ~ 1 / VA^ which 
is <K 1 for a large bath so that the bath is only weakly per- 
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J,)) at a time 



turbed by the probe. The FID Lfid(0 = 
In spin echo, the probe spin is flipped (| 
t/2, and the spin coherence is measured at t. The echo sig- 
nal LsE(f) = |Tr(e-'^'-.''/2g-;ff,„,,/2^g;w,,_,,/2g,H,„,//2jj^ ^pjj^ 

chain model has no phase transition at finite temperature but 
has a quantum criticality between a ferromagnetic order for 
A < I and a paramagnetic order for A > 1 lH]. This model 
has been used previously to demonstrate the effect of quantum 
criticality on FID [ 1 1 1. A previous study on spin echo for this 
model [151, however, missed the quantum criticality features 
at high temperature due to inadequate approximation. 

Figure [TJa) shows that FID of the probe spin is greatly en- 
hanced at the quantum critical point when the temperature is 
zero (J3 - oo), which is consistent with previous study |11|. 
The sharp dip at the critical point, however, is blurred with 
increasing temperature and disappears at infinite tempera- 
ture [Fig. [TJb)]. In contrast, the spin echo signal [Fig. [TJc)] 
presents enhanced decoherence at the critical point even at in- 
finite temperature (J3 - 0). Both in FID and spin echo, the 
critical feature is pronounced only when f » 1 . 

The above-mentioned phenomena can be understood from 
the noise spectrum of the bath. The fluctuation of the lo- 
cal field B = 2gH\ has both thermal and quantum com- 
ponents, with the correlation function C{t) - {B{t)B{Q)) - 
{B(t)}{B(0)}, where {0} = Tr \pO] and (5(f) = e'"'Oe''"'. The 
probe spin decoherence is determined by the noise spectrum 
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FIG. 1. (Color online) (a) FID of the probe spin versus time and 
the external field strength A for the bath at zero temperature, (b) 
The same as (a) but for the bath at infinite temperature, (c) Echo 
signal of the probe spin versus time and the external field strength 
for the bath at infinite temperature, (d) Dispersion of elementary 
excitations in the bath for various external field strength, (e) Noise 
spectra of quantum fluctuations at various temperatures (indicated by 
the inverse temperature j8) for external field A= \. (f)The same as (e) 
but with X = 0.75. The number of spins in the bath is N = 10,000 
and the probe-bath coupling g = iV"''- = 0.01. 
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FIG, 2, (Color online) (a) Susceptibility of the spin chain bath 
as a function of the external field A and inverse temperature (b) 
Susceptibility of the bath (upper panel) and probe spin echo signals 
(lower panel) as functions of the external field A for various inverse 
temperature /? and echo time t, respectively, (c) Free-induction decay 
of the probe spin as a function of the external field for various time t. 
The coherence at ? = 20 is amplified by 10''". 



S(tij) = J C(t)e\p(iLL>t)dt. The thermal fluctuation part Sih - 
2„ P„{n, A\B\n, A}^ - {B}^ is due to the fact that at finite tem- 
perature the bath has a probability distribution P„ in different 
eigenstates \n, A) that yield different local fields. At zero tem- 
perature the thermal fluctuation vanishes. In general, the local 
field operator Hi does not commute with the bath interaction 
Hamiltonian Hq. Thus transitions between different eigen- 
states by elementary excitations lead to quantum fluctuation. 
The quantum fluctuation is dynamical and has a spectrum 
S = 2;r Y,ni=m -En+ Em)Pn{n, A\B\m, A){m, A\B\n, A). 
At high temperature, the thermal fluctuation is usually much 
stronger than the quantum fluctuation. As the thermal fluc- 
tuation is static, its effect on the probe spin decoherence can 
be removed by spin echo IfTOl . Then the decoherence is de- 
termined by the dynamical quantum fluctuation. In the long 
time limit, the decoherence would be mostly due to the low- 
frequency noise caused by low-energy or long-wavelength 
excitations in the bath, which are particularly important in 
quantum criticality. The excitation energy as a function of 
wavevector is e(fe) = 2 Vl - 2/1 cos -i- X^. The excitation 
has a finite energy gap except for the critical point A - \ 
[Fig. [Tfd)]. The quantum fluctuation spectrum is gapless at 
the critical point [Fig. [TJc)] ^nd has a low-frequency cut-off 
for /I 5t 1 [Fig.[TJf)]. Gapless fluctuation emerging at the crit- 
ical point is responsible for the decoherence enhancement in 
the long time limit. 

We further explore the correspondence between the time 
and inverse temperature required for the quantum criticality 
to pronounce. Fig.[TJc) shows that the decoherence enhance- 
ment at the critical point is visible only at large t. Fig. |2]^a) 
presents the magnetic susceptibility of the spin chain x = 



"■^ ' 'ii ^((cr)) versus the inverse temperature /? and the ex- 
ternal field strength A in the thermodynamic limit (A^ — > oo). 
The quantum criticality feature is visible for large /3 (e.g., 
> 10), resembling the echo signal as a function of time and 
field strength in Fig. [TJc). Fig. |2]^b) shows clearly that the 
sharp features at the critical point are pronounced at similar 
values of /3 and t in the susceptibility and probe spin coher- 
ence echo, respectively. Actually, if the measurement time is 
long enough, even the FID would display a sudden transition 
at the critical point [Fig.|2|c)], which, however, is far beyond 
feasible measurement since the remaining coherence in FID is 
as little as 10""*" (at f = 20). 

The probe spin decoherence and the bath susceptibility are 
intrinsically related as both of them are rooted in the local field 
fluctuations. Under the weak-probe condition, the probe spin 
decoherence is determined by the noise correlation function 
C(ti - t2) as 



ln[L„(f)] 



dtidt2C - t2) fa(h)fa(t2), (2) 



with a - FID or SE corresponding to the FID and the spin 
echo signal, respectively. The modulation functions fyioit') = 
1 and /sE(f') = 1 for f e [0,f/2] and fs^t') = -1 for 
t' e [f/2, f]. The magnetic susceptibility is determined by the 
correlation function as 
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The susceptibility has the form of the noise correlation func- 
tion integrated along the imaginary axis in the complex plane 
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FIG. 3. (Color online) (a), (b) & (c) show in turn the filter functions 
for free-induction decay, spin echo and magnetic susceptibility as 
functions of the scaled frequency {x = ujt or x = ajfj). (d) The 
symbols are InlLpiol as a function of time at /I = 1 and the solid line 
is the linear fitting, (e) The same as (d) but for the spin echo signal, 
(f) The symbols are the magnetic susceptibility as a function of lg06) 
at /^ = 1 and the line is the linear fitting. 



of the time. Therefore for the quantum criticality to be pro- 
nounced, the inverse temperature required in susceptibility 
measurement should be in the same order of the time dura- 
tion required in probe coherence measurement. 

By Fourier transform of Eq. the probe spin decoherence 
is determined by the noise spectrum as lfT6l . 




FIG. 4. (Color online) (a, b) Free-induction decay of the probe spin 
as a function of \g\A - Ac\ for (a) A < and (b) A > Ac &\. various 
evolution time, (c, d) the same as (a, b), but for the spin echo, (e, f) 
Magnetic susceptibility as a function of \g\A - Ac\ for (e) A < Ac and 
if) A > Ac at various temperature. 
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where the filter functions My\t>{x) - sinc^(jic/2) and Mse(jc) - 
■j^x^sinc'*(A:/4) are determined by Fourier transform of the 
modulation functions /fid(0 and /sE(f)> respectively. Simi- 
larly, the magnetic susceptibility of the bath is 



S Q(xli)MYm{x), (4a) the critical scaling ln|LsEl jf^Q (0), which is confirmed 

in Fig. [3je). In the case of magnetic susceptibility, the mod- 
(4b) ulation function approaches to I/.jc as x = ujfi — > oo. As the 
noise spectrum has a high-frequency cutoff [see Fig.[TJe)], the 
integration in Eq. (jSj) leads to the logarithm divergence with 



5Q(x/f)MsE W, 



I.e., X 



X dx ~ lg/3, as 
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with (x) 



' tanh (x) being the corresponding filter func- 
tion derived by Fourier transform of Eq. (j3]l. Above the fre- 
quency has been scaled hy x - cot or cofi. The modulation 
functions are plot in Fig.|3ja)-(c). 

Now we study the critical behaviors at the critical point. 
The probe spin FID at the critical point diverges linearly with 
time at zero temperature (fi - oo) [Fig. |3jd)]. In the long 
time limit {t » 1), the probe spin decoherence is deter- 
mined by the low-frequency noise, so in Eq. Q the quan- 
tum noise spectrum can be approximated as a constant S q(0). 
Also at zero temperature, the thermal noise is zero. Therefore 
the FID at the critical point scales with time by In|LFUi| ~ 
-f5Q(0) S^FiD (x) = -\tSQ{Q\ as observed in Fig. 3 d). 
The spin echo at infinite temperature (J3 = 0) also scaleslin- 
early with time at the critical point. The filter function of 
spin echo [see Fig. ^h)] is zero at zero frequency and has 
its maximum at ~ 4.7r'. Similar to the FID case, the low- 
frequency noise dominates the spin echo decay and leads to 



the inverse temperature, 
observed in Fig.[3]^f). 

Figure |4] shows the respective scaling of the probe spin co- 
herence or the susceptibility with the external field approach- 
ing the critical point (\A - A^l — > 0) for large evolution time 
or low temperature. To deduce the critical behavior at zero- 
temperature or infinite time {(3,1 - oo), we choose the temper- 
ature or time such that |/l - /IdyS » 1 or |/l - /Id f » 1. For 
a large time, the scaled noise spectrum S gix/t) is spanned in 
the range from the low-frequency cut-off" 4|/l- /Idf to the high- 
frequency cut-off 4\A + Ac\t. With the condition \A - Ad t » 1, 
the filter functions for FID or spin echo decay with the scaled 
frequency as x^^. Therefore the probe spin decoherence in 
FID or spin echo, up to a structure factor in the order of one, 
-ln|LFiD/SE| ~ x'^dx ~ |/l-/l,.r', with an inverse 

linear divergence. Note that the divergence is determined by 
the low-frequency cut-off due to the excitation gap in the bath. 
Such a critical divergence is shown in Fig.|4|a)-(d). The oscil- 
lation features in the decoherence are due to the oscillations in 
the filter functions [see Fig. [3]; a) and (b)]. The inverse linear 
scaling is violated when the long time condition \A - A^t » 1 
is not fulfilled (since the filter functions converge to a constant 
rather than diverge as x^^ at the zero frequency). The critical 
scaling of the susceptibility can be analyzed similarly. Now 
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that the modulation function decays with frequency as Ijx, 
the scaling relation becomes x ~ x^^dx ~ \n\A- Ad, 

with a logarithm divergence, as shown in Fig.Qe) and (f). 

As demonstrated in Fig. [3] and Fig.|4] the probe coherence 
is actually more sensitive to the criticality than the conven- 
tional susceptibility (linear versus logarithm divergence). This 
is due to the fact that the filter functions for the FID and spin 
echo decay faster with increasing the frequency and therefore 
are more sensitive to the low-frequency dynamics, which is 
responsible for the critical phenomena. 

In summary, we propose a new route to the wonderland 
of quantum matters, in lieu of lowering temperature to the 
critical regime. The time-inverse temperature correspondence 
enables utilization of long coherence time to detect at high 
temperature quantum criticality and hence new quantum mat- 
ters which would occur at extremely low temperature. A wide 
range of quantum probes, such as cold atoms in optical lattices 
or traps, defect spins in diamond, donor spins in silicon, and 
nuclear spins, have coherence time from milliseconds to sec- 
onds fTr'-SOl, and therefore can be used to study physics that 
would otherwise emerge at nano-Kelvin to pico-Kelvin. Spin 
echo, by largely removing the thermal fluctuation effect, can 
prolong the coherence time of a quantum probe. It is conceiv- 
able that longer coherence time and therefore richer physics 
can be brought into the reach by applying many-pulse dynam- 
ical decoupling control over the probe ll2T1424ll . Therefore it 
is envisaged that dynamical decoupling become a useful tool 
to study many-body correlations in baths, beyond its existing 
applications in noise spectrum measurement ESl and high- 
sensitivity metrology ||26l . 
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